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Abstract 

We prove a very general sharp inequality of the Holder-Young-type for functions 
defined on infinite dimensional Gaussian spaces. We begin by considering a family 
of commutative products for functions which interpolates between the point-wise and 
Wick products; this family arises naturally in the context of stochastic differential 
equations, through Wong-Zakai-type approximation theorems, and plays a key role in 
some generalizations of the Beckner-type Poincare inequality. We then obtain a crucial 
integral representation for that family of products which is employed, together with a 
generalization of the classic Young inequality due to Lieb, to prove our main theorem. 

We stress that our main inequality contains as particular cases the Holder inequality 
and Nelson’s hyper-contractive estimate, thus providing a unified framework for two 
fundamental results of the Gaussian analysis. 
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1 Introduction 

The celebrated Wong-Zakai approximation theorem [28j establishes that if {Wl}t>o denotes a 
“good” approximation of the white noise {IUt}t>o, then for any smooth functions 6, cr : M —)■ M 
the solution of the random differential equation 

X^ = biX^) + aiX^)-W: ( 1 . 1 ) 
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converges in probability, as e goes to zero, to the solution of the stochastic differential 
equation 


dXt = b{Xt)dt + a{Xt) o dWt, (1.2) 

where the symbol odWt denotes Stratonovich stochastic integration (recently an analogous 
result in the context of stochastic partial differential equations has been obtained in the 
beautiful paper [IS]). Replacing the point-wise product appearing between cr{X^) and 
in equation fll.ip with the Wick product, one gets (ini). under the assumption of a linear 
diffusion coefficient a, the convergence, as e goes to zero, to the Ito version of equation fll.2p . 
In the paper [13] the authors introduced the following family of multiplications 

fo^g:=T-^(T^f-T^g^, re(0,2], (1.3) 

where N denotes the number or Ornstein-Uhlenbeck operator (we refer the reader to the next 
section for a rigorous dehnition of this product in terms of second quantization operators). 
This family interpolates between the point-wise product (when r = 1) and the Wick product 
(in the limit as r tends to zero); replacing equation fll.ip with 

P = b(,Y‘) + ¥• Or W', 

one can prove ([13]) the convergence of R/ to the solution of 

dYt = b{Yt)dt + Yt o, dWt, 

where o.^dWt denotes stochastic integration with evaluation point at 

t* := ti-i + — (ti — tj-i) 

(this gives Stratonovich for r = 1 and Ito for r = 0). 

The family of products dehned in 01.31) turns out to be useful also in the study of Poincare- 
type inequalities. In fact, an important generalization of the classic Poincare inequality 

(im.ra) 


I P{w)dii{w) - ( / < j \\DfMfdii{w) (1.4) 

(here /i is a Gaussian measure dehned on a possibly inhnite dimensional space and Df is a 
suitable notion of gradient of /) is the one proposed in [3] which reads for r G [0,1] as 

J f{'w)dix{w)-j \T^f{w)\‘^dfx{w)<{l-T) J \\Df{w)fdfx{w). (1.5) 

Inequality 01.5p coincides with 01.4p for r = 0 and with the logarithmic Sobolev inequality 
([13]) in the limit as r tends to one (after an application of the Nelson’s hyper-contractive 
estimate). Observe that since for any g one has 


j r ^g{w)dii{w) 


j g{w)dg,{w) 
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it is possible to rewrite fll.Sp as 

j j f{w)\^d^{w) < {1 - t) j \\Df{w)\\^d^,{w) 

or equivalently as 

j f{w)dfi{w)-J{fo^f){w)dn{w)<{l-T) J \\Df{w)fdn{w). (1.6) 

It has been proved in [T3] the validity of inequality fll.bp for all the probability measures 
obtained convolving the Gaussian measure /i with a probability measure satisfying an expo¬ 
nential integrability condition. 

It is then clear from the preceding discussion that the family of products defined in fll.3p 
connects intrinsically point-wise multiplication and Stratonovich integral on one side and 
Wick product and ltd integral on the other side. This connection is in addition related to 
the interplay between the Poincare and logarithmic Sobolev inequalities. The aim of the 
present paper is to obtain an inequality for the L^-norm of / o.^ S' in terms of the L^-norm 
of / and the L'^-norm of g for suitable p, O', r G [l,-|-oo] and r G [0,2]. We obtain a very 
general and sharp inequality which coincides with the classic Holder inequality for r = 1, 
as expected from the point of view of the interpolating nature of our family of products, 
and with the sharp Young-type inequality for the Wick product obtained in la for r = 0. 
(From a probabilistic point of view, the Wick product plays in Gaussian spaces the same 
role played by the convolution in spaces equipped with the Lebesgue measure; that is why 
we call the inequality for the Wick product of Young-type). 

The main purpose of this paper is to find necessary and sufficient conditions to have inequal¬ 
ities of the form: 


WfOrdWr < \\nC)f\\r-\\T{D)g\\r, 

for all / G T^(/i) and g G T^(/i). 

In general, as also observed in m, inequalities about the norms of Wick products are 
related to sharp inequalities (that means inequalities with best constants) from classic Har¬ 
monic Analysis like: Young and Lieb inequalities, see: 0.0. ra. and [21]. The sharp 
constant being 1 allows us to pass to the limit as the dimension d goes to infinity, having 
the same inequalities even in the infinite-dimensional case. 

The paper is structured as follows. In section 2 we give a minimal background on the 
construction of an infinite dimensional Gaussian probability space and second quantization 
operators. In section 3, we review the definition of the t-Wick product and extend it to the 
definition of the T-Wick product, where T is an operator. We also review the definition of 
the exponential functions. In section 4 we prove an important integral representation for 
the Gaussian T-Wick products for a specific class of operators T. In section 5, we use the 
integral representation found in section 4 and Lieb theorem from [23], to prove the main 
inequality from this paper in the dimension d = 1. We use Minkowski integral inequality, 
to extend the inequality from dimension d = 1, to every finite dimension d > 2. Finally, we 
extend the inequality to the infinite dimensional case. 
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2 Background 

There are many ways to introduce the Gaussian Wick product and second quantization op¬ 
erators, all of them being equivalent. One can use an abstract Gel’fand triple and work with 
Hida White Noise Distribution Theory, see [19] or m Another way is to use Malliavin 
Galculus, see [S]. There is also a third way, using the theory of Gaussian Hilbert spaces, see 
[IB]. We will use Hida White Noise Distribution Theory, to make the connection with the 
stochastic integral. 

Let be a real separable Hilbert space, and A a self-adjoint operator on E having a 
discrete spectrum {A„}„>o, such that: 

1. There exists an orthonormal basis {e„}„>o of E, such that for all u > 0, 

ACfi XnCn- ( 2 ' 1 ) 


2. 1 < < A 2 ■ ■ ■ 

3. The operator A~^ is a Hilbert-Schmidt operator. 

The inner product and norm of E are denoted by (•, •) and | • |o, respectively. For each p > 0, 
we define the norm: 


\f\l ■■= lAlVIo 

(2.2) 

CXD 

n=0 

(2.3) 

For each p > 0, we define the space: 


Ep := {f e E \ \ f\p < 00}. 

(2.4) 

Ep is a Hilbert space with norm • p. If 0 < p < g, then Eq C Ep. 

We define the space: 


f _ P|00 f 

(2.5) 

and equip it with the locally convex topology given by the family of 
space is a nuclear space. 

norms { . |p}p>o. The 

For each p > 0, the dual of the space Ep is the space which is 

space E, with respect to the norm ■ -p, defined as: 

the completion of the 

i/ib - b-'/ij 

(2.6) 

00 

n=0 

(2.7) 


Of course, if 0 < p < g, we have: 


E c E-pC E-q. 


( 2 . 8 ) 
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The dual of the space £ is the space £', which can be written as: 

(2.9) 

The dual space £' is equipped with the inductive limit topology of the (locally convex) 
topologies given by the norms {| • |_p}p>o. We obtain in this way the following Gel’fand 
triple: 

£ CE c£'. (2.10) 

By Minlos theorem there exists a unique probability measure /i on the dual space £' oi £, 
such that, for all G we have: 

[ e*<^’«>d/x(x) = (2.11) 

Je' 

where (•, •) denotes the bilinear pairing of £' and £, see page 16 of [IS]. Formula fl2.1ip says 
that as a random variable the continuous function (•, is normally distributed with mean 
0 and variance |.^|q, for every ^ & £. This observation is very important, since by approxi¬ 
mating in the norm | • |o of i?, every element / of E, by a sequence of elements of 

£, we obtain a Cauchy sequence {(•, ^n)}n>i in L‘^{£', /^) of normally distributed random 
variables. The L^Cimit of this sequence is denoted by (•, /) and is a normally distributed 
random variable with mean 0 and variance |/|q. 

For every real Hilbert space H, we denote by He its complexiheation. We dehne the 
trace operator r as the following element of (£^')®^, where ® denotes the symmetric tensor 
product: 


(T,^0r;) — ({,1)), 


( 2 . 12 ) 


for all ^ and r] in £’c. We dehne the Wick tensor : x®^ :, for every x E £' as: 


: x®^ 


[n/2] , . 
k=0 ^ ' 


If we denote by {H) the space of all complex valued square integrable functions dehned on 
{£', /i), then for every function ip in (T^), there exists a unique sequence {fn}n>o, where for 
all n > 0, fn E E®^, such that: 


x®""-Jn)- (2.13) 

n=0 

Moreover, the square of the (L^)-norm of (p is: 

OD 

(2'W) 

n=0 

oo. 
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where |/„|o denotes the norm of /„ computed in the space Ef"'. 

If i? is a densely dehned operator on E, and (p is given by fl2.13p . then we dehne the second 
quantization operator of B, as: 

OD 

r(i?)v^(x) := (2.15) 

n=0 

It is not hard to see that if i? is a bounded operator on E, of operatorial norm || B ||< 1, 
then r(i?) is a bounded operator on (L^) of operatorial norm || r(i?) ||= 1. 

In particular, if we take B := A, the unbounded operator used to dehne the Gel’fand triple 
S <Z E <Z S', then the second quantization operator r(74) has properties similar to those of 
the operator A: 

• r(74) has positive eigenvalues and a set of eigenfunctions that forms an orthogonal 
basis of {L'^)- 

• r(74)“^ is a bounded operator. 

• For every p > 1, r(2l)“P is a Hilbert-Schmidt operator on (F^). 

Repeating the same constructions as before, with (L^) and r(2l) replacing E and A, respec¬ 
tively, we obtain a new Gel’fand triple: 

(^) C (L^) C (£)b (2.16) 

{S) is called the space of test functions, while {S)* is named the space of generalized functions 
(or Hida distributions). 

The bilinear pairing between (S)* and {S) is denoted by ((•, ■)). It must be mentioned that 
while the spaces involved in the hrst Gel’fand triple: 

ScEcS' 

are vector spaces over M, the spaces used in the second Gel’fand triple: 

(f) C (L^) C (f )• 

are vector spaces over C. 

The following two theorems can be found in [27], pages 35-36. 

Theorem 2.1 Let cj) G (T^) have the following Wiener-Ito expansion. 

OO 

,#.(1) = ^{: I®” 

71=0 

where x G S', and for each n > 0, /„ G Ef"', such that: 

OO 

'^nllfnll < OO. 

71=0 

Then 0 G (S) if and only if, for all n > 0, /„ G T®”, and for all p > 0 

OO 

110 IIS := 5^^!|/nlS 

71=0 
< OO. 


(2.17) 

(2.18) 
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Theorem 2.2 For each 0 G (S)* there exists a unique sequence {-F„}„>o, such that, for all 
n>0, Fr,e 

OO 

= '^n\{Fn,fn), (2.19) 

n=0 

for all ip G {£), where ip and {fn}'^=o are related by the previous theorem. 

Conversely, given a sequence that, for each n >0, Fn E 8'®^ and there exists 

p > 0, such that: 


< cx), (2.20) 

71=0 

a generalized functional cf G (E)* is defined by 112.19[) . In this case, we write: 

OO 

<f{x) := (2.21) 

71 = 1 

If (p{x) = ^ and there exists N eN, such that, for all n > N, Fn = 0, then 

we call 0 a polynomial generalized function. 


As a particular example of the above general construction we present the following. Let 
A; be a natural number and E := dx), where dx denotes the Lebesgue measure. We 

consider the following self-adjoint operator on E\ 


A\= \ xi —+ 1 


dx\ 


df 




Xk - 


dxl 


+ 1 


( 2 . 22 ) 


Then A satishes the conditions required by our construction. In this case, the nuclear space 
8 becomes the Schwartz space of rapidly decreasing smooth functions, and its dual 8' the 
space of tempered distributions. 

Let Bf denote the set of all Borel subsets of of hnite Lebesgue measure. 

Since for every set X in Bf, its characteristic function lx belongs to L^(R^, dx), we can 
dehne the (L^) random variable: 


Bx := (^Ix). (2.23) 

Then the family of random variables {Bx}x&Bf is a Brownian sheet. 

In particular, if /c = 1, and for every f > 0, we dehne: 

Bt := (-Am), (2.24) 


then is a Brownian motion process. 

The derivative of the Brownian motion is the following polynomial generalized function: 

Bt = {■,6t), (2.25) 

where 6t denotes the Dirac delta measure, for all f G M. 
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3 Generalized Wick products and Exponential Func¬ 
tions 


For any non-negative integer n, let us denote by Qn, the following closed subspace of (F^): 




(3.1) 


We call Gn the space of homogenous polynomial random variables of degree n. It is clear that 
the spaces {Gn}n>o are mutually orthogonal. 

For all n > 0, let us define: 

n 

Tn := (3.2) 

/c=0 

Let Pn and P<„ denote the orthogonal projection of (L^) onto the closed subspaces Gn and 
Pn-i, respectively. 

If (p(x) = E^o(- b = E^o(- b with Fn and Gn in Sf"- for all 

n > 0, then we define the classic Wick product, of ip and fj, as the following generalized 

function: 


{po'il:){x) := :,hk), (3.3) 

k=0 

where 

hk := (3.4) 

u^v=k 

It is shown in [12], Theorem 8.12, page 92, that the Wick product is continuous from 

{sy X {sy into {sy. 


For every f > 0 (and later on we will restrict t to (0, 2]), the generalized Wick product or 
f- Wick product, introduced by Da Pelo and Lanconelli (see lEl). can be dehned using the 
second quantization operator of \/f times the identity operator / as: 


poty 



r{s/ii)ip ■ , 


(3.5) 


for every [ip, ip) in a dense subspace Vt of (L^) x (L^), for which 

T{{1/\/t)I)\r{\/tI)p ■ T{\/tI)y] belongs to {Lf). Such a space Vt can be taken as the vector 
space spanned by exponential functions (which will be defined later). 

We know for sure that for every two polynomial random variables p and y in {Lf), poty is 
also a polynomial random variable. Moreover, p Oty can be viewed as a polynomial in the 
variable t with coefficients in the spaces Ef^, for n > 0, whose constant term (i.e., the term 
without t) is the classic Wick product p oy. To understand this, let us write: p = fp 
and y = where for all 0 < p < m, /p G Gp, and for all 0 < g < n, G Gq- Since, 

for all (p, g) G {0, 1, ..., m} x {0, 1, ..., n}, fp-Pq^ ^p+q^ and the Gaussian probability 
measure is symmetric, we have: 


fp'9q ^p+q ifp ' 9q) T P<(p+q) ifp ' 9q) 

~ fp 9q 'y ^ Pk {fp ■ 9q) ) 

k<p+q 

k={p+q)(mod 2 ) 


(3.6) 

(3.7) 




Thus, for all t G (0, 2], we have: 

1 


ot ^ = r ( 


r( 


ri 

.Vt 


m+n 


m n 

^er‘u-Y,t-''‘g, 

Lp=0 q=0 

m+n 

E E * ■ 

/c=0 p-\-q=k 

i 


E‘‘'^ E 


/p O l/g + Up ■ gq) 


V 


r<k 

r=fc(mod 2) 


k=0 p-\-q=k 

Since for all I > 0 and h G Qi, we have T{l/{\/i)I)h = t we obtain: 


m+n 


k=0 p-\-q=k 


t ^^VpO^<?+ t '"'‘^PrUp- gq) 


r<k 

r=/c(mod 2) 


m+n 


m+n 


E E /p o S'? + EE E t^^-^^PPrifp-gq) 


k=0 p+q=k 

m+n 


k=l p-\-q=k r<k 

r=k{mod 2) 


99051 + EE E ^(fc-.)/2p^ (/p . 5^) 


fc=l p+g=/c r<k 

r=k(mod 2) 

It follows from the last relation that, at least in the case of polynomial random variables, 
the classic Wick product can be understood as the 0-Wick product in the sense of Da Pelo 
and Lanconelli. That means: 


(pop = (poQp (3.8) 

:= \im.(pOip. (3.9) 

t^o+ 

For this reason, from now on, we will take t > 0, when speaking abont the family of t-Wick 
prodncts. 


We can generalize this prodnct in the following way. For every bounded self-adjoint 
operator T on E, that commutes with the operator A used to dehne the Gel’fand triple 
S C E C S', such that T > 0, we dehne the T-Wick product as: 


for every {ip, p) in a dense subspace Vr of {Lp x (T^), for which 

F((1/\/T))[F(\^)99 ■ F(\/T)' 9 ^] belongs to {Lp. Such a space Vr can be taken as the vector 
space spanned by exponential functions. 


T{Vf)(p-T{Vf)p 


(3.10) 


(porpp := F 


Ut 
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Here when we speak of \/T and 1/\/T, we understand the self-adjoint operators whose 
eigenvectors are {e„}„>o (the same as the eigenvectors of A) and whose eigenvalues are 
{\/^}n>o and {l/i/^}n> 0 ; respectively, where {/in}n>o ai’e the eigenvalues of the operator 
T. It is clear that the T-Wick product is commutative and associative. 

As before, if T > 0, by gently passing to the limit as e ^ 0+, we can dehne the T-Wick 
product as: 


(fOrpip := lim (fOx 'll;, (3-11) 

£^>0+ 

where 

Te '■= T + ePKer(T), (3.12) 

where 

Ker{T) := {x E E \ Tx = Og} (3.13) 

and PKer(T) denotes the orthogonal projection of E onto Ker{T). 

We recall now an important family of random variables called the (renormalized) expo¬ 
nential funetions. 

For every G Ec, we dehne the exponential funetion generated by as: 

OO 

■= (3-w) 

n=0 

CxD ... 

= (3,15) 

n=0 

where (• , := (• , 0 ^ (‘ i 0 ^ ‘‘ ^ i 0 (^ times). The point-wise formula for is: 

(3.16) 

for almost all x E S'. 

It is easy to see that belongs to L^^S', /i), for all 1 < p < cx), and all in Ec. The family 
of exponential functions is closed with respect to the Wick product and second quantization 
operators. Moreover, the vector space spanned by the exponential functions is closed with 
respect to each T-Wick product, for every bounded self-adjoint and non-negative operator 
T, and dense in every space U‘{S', p), for 1 < p < cxd. We have the lemma: 

Lemma 3.1 For all and rj in Ec, and T a bounded self-adjoint operator on Ec, sueh that 
T > 0, we have: 


T{T)p^ = pt^. 


(3.17) 


P^OtPt^ = 


(3.18) 
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( 3 , 19 ) 


Proof. Since for all n > 0, (: e Gn, we have: 


r(T)v?5 = ^_(; 




- ^T^- 


For all X G S', we have: 


= r [ip^^ ■ ip^^] (x) 


= r 




\j=^,VT0-{^/2){Vn,VT0 . Jx,VTv)-{1/2){VTv,VTv) 




{x,VT{^+'n))-{l/2)i{T^,0+{Tvx)) 


In the exponential we subtract and add {VT^, y/Trj) to complete the square, and obtain: 


{cp^OTP>r,)ix) = 


For T := 0, we obtain: 


= j ^VTi^+v) 

= e^^^’’'V(i/yT)Fr(c+7?)(^) 


(p^ O (pjj V^^+rj- 


We also have the following functorial property: 

Lemma 3.2 Let B and T be two commuting, bounded, non-negative, and self-adjoint op¬ 
erators on Ec, such that B is invertible. Then there exists a vector space V, that is dense in 
all the spaces Lp{S', p), with 1 < p < oo, such that for any two random variables <p and fj 
in V, we have: 


T{B){(poTfj) = T{B)(poTB-2T{B)'ijj. 


(3.20) 
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Proof. We can take V to be the vector space spanned by the exponential functions. For 
any (f and ip in V, we have: 


r(B) ((fOT Ip) 



= r(B)(pOTB-2 ^(B)lp. 


□ 


4 An integral representation of the generalized Gaus¬ 
sian Wick product 

In this section we prove an integral representation of the Gaussian T-Wick product for every 
0 < T < 21, where I denotes the identity operator. 

Let us denote by Bxp the complex vector space generated by the exponential functions with 
subscripts from Sc, that means, 

Exp = H-h \ n>l,CieC,iieSc,l<i< n}. (4.1) 

We have the following lemma: 

Lemma 4.1 Let T be a self-adjoint and diagonal operator on Ec, eommuting with the op¬ 
erator A used in the eonstruetion of the Gel’fand triple S C E C S', sueh that: 

0 < T <21, (4.2) 

where I denotes the identity operator of Ec- 

Let C and D be two bounded, self-adjoint and diagonal operators on Ec, of operatorial norm 
at most 1, eommuting with A, sueh that: 

(J - (J - D^) > (T - (4.3) 

That means, if {e„}„>o is the orthonormal basis of E made up of eigenfunetions of the 
operator A, then there are three sequenees of real numbers, {tn}n> 0 ; {«n}n> 0 ; ond {/9n}n>0; 
sueh that: 

• For all f E E, we have: 

OO 

Tf = ^tn(/,en)e„, (4.4) 

n=0 

OO 

Cf = ^an(/,en)e„, (4.5) 

n=0 

and 

OO 

Df = '^/3n{f,en)en. (4.6) 

n=0 
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(4.7) 


• For all n > 0, 0 < tn < 2, —1 < «„ < 1, and —1 < /9n < 1- 

• For all n > 0, we have: 

(1 - al) (1 - / 3 ^) > {tn - ifalPl. 

Then, for all ip and in Exp, we have: 

{T{C)pOTT{D)^l:){x) 

p {C*x + P*y + Q*z) ifj {D*x + R*y + S*z) dja{z)dp{y) 



£' J£' 


= lim 

n^oQ 


En J En 


E [p I En] {Cx + Py + Qz) 
xE[il)\ En] {Dx + Ry F Sz) dpn{z)dpn{y), 


(4.8) 


(4.9) 


where P, Q, R, and S are any bounded, self-adjoint, and diagonal operators commuting with 
A, such that: 


and 


P' + Q' 

= I-C^, 

(4.10) 

R^ + S^ 

= I-D'^, 

(4.11) 

PR + QS 

= {T-I)CD, 

(4.12) 


and for all n E N, En denotes the smallest sigma algebra with respect to which {■, cq), {■, 
Cl), ■ ■ ■, {■, en-i) are measurable, 

En = Meg © Mci ® • • • © (4.13) 

and Pn is the standard Gaussian probability measure on En = MF. The limit from formula 
o is in the -sense, for all 1 < p < oo. 

The operators C*, D*, P*, Q*, R*, and S* map £' into £' and represent the dual operators 
of C, D, P, Q, R, and S viewed as operators from £ to £. 

Proof. We prove first the existence of such operators P, Q, R and S. 

For every n > 0, since 1 — > 0, 1 — > 0, and (1 — aff){l — /3^) > {R — there 

exist two vectors {pn, Qn) and (r„, Sn) in such that: 

II {PnEn) Ih = Vl - al, (4.14) 

||(rn,s„)||2 = ^/l- (4.15) 

and 

{Pny Qn) ■ {fni Sn) (tn l)o!ni£n- (4.16) 
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Geometrically, it means that the vectors {pn, Qn) and (r„, s„) have length -^/l — and 
— l3n: respectively, and the angle between them have a radian measnre of arccos((t„ — 
l)ttn/dn/\/(l - «„)(! - /3n))> if l«n| < 1 and \(3n\ < 1- If = ±1 or I3n = ±1, then (K7} 
implies — l)an/5n = 0 and so we can take {pn, Qn) = (0, 0) or (r„, Sn) = (0, 0). Once a 
pair of vectors {pn, qn) and (r„, Sn) is fonnd, any rotation by an angle 9n of these vectors 
will prodnce another pair with the same properties. 

We choose for each n > 0, a pair of vectors (p„, g„) and (r„, s„) with the above properties, 
and define the operators P, Q, R, and S in the following way. For every / in E, let: 

OO 

Pf ■= '^Pn{f,en)en, (4.17) 

n=0 

CXD 

Qf ■= '^qn{f,en)en, (4.18) 

n=0 

cx> 

Rf ■= ^rn{f,en)en, (4.19) 

n=0 

and 

OO 

Sf := ^s„(/,en)e„. (4.20) 

n=0 

Of conrse, P, Q, R, and S can be extended as linear operators from Ec to Ec. Since for all 
n > 0, we have: 

Pl + Qn = l-«n 
< 1 

and 

rl + sl = 1-1)1 ( 4 . 23 ) 

< 1, (4.24) 

we conclnde that the operators P, Q, P, and S are self-adjoint, diagonal, and bonnded 
operators, of operatorial norm less than or eqnal to 1, on E. Moreover, being diagonalized 
in the same basis as A, they commnte with A. 

Let us observe that G, P, P, Q, R, and S map S into S, and are continuous from S to S. 
Indeed, for all G and fc > 0, we have, for example: 

\C^\, = lA^Geio 

< 

= I^U- 

It is clear that relations fl4.10p . M.lip . and fl4.12p are satisfied. 


(4.21) 

(4.22) 
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Since both sides of fld.Sp are bilinear in 99 and to prove it for every linear combination 
of exponential functions, it is enough to check it for ip and V’ exponential functions. 

So let ip = ip^ and V’ = for some ^ and rj in Sc- We have: 



ip^ {C*x + P*y + Q*z) ipri {D*x + R*y + S*z) dy,{z)dfi{y) 


£' J£' 



exp ( {C*x + P*y + Q*z,Cl-- (^, Cl 


S' J£‘ 


X exp + R*y + S*z, y) - -(//, y) ) dy,{z)dy,{y) 

= + Dy) -]^{i,C) - 

I exp((j/,P^ + i?r/))d/i(?/) / exp{{z,Q^ + Sy))dii{z) 


= exp{{x,C^ + Dy)-^{CO-^{V,V) 


X / ^Pi+Rriiv) exp ( 2 ) dii{y) 


X ipQ^+sr^iz) exp (^2 diiiz). 

Taking now the constant factors exp((l/2)(P^ + Rv^ + Pv)) exp((l/2)((5^ + Sy, Qi + 
Dy)) outside from their integrals, we obtain: 


ip^ {C*x + P*y + Q*z) ipri {D*x + R*y + S*z) dpi{z)dpi{y) 


JE’ JS' 

= exp ^(x,C5 + C 17 ) - t{(/- 

X exp pFfl + ( 35 ) 5 , 17 ) - t((/ -It'- S'),,, 

xE [ipp^+R^] E [ipQ^+sv\ ■ 

Since the expectation of every exponential function is 1, we have: 


ip^ {C*x + P*y + Q*z) ipr, {D*x + R*y + S*z) dfi{z)dy,{y) 


JE' JE’ 

= exp (^{x,Ci + Dy) - ^{C^i,C) + {{T - I)CDC y) - ^{D^y,y)^ 
= exp{{TCCDy)) 


X exp (^{x, Ci + Dy) - CC) - (C^, Dy) 

= exp((TC'^,Pr7))(pc5+Dr) 

= ip(j^ Op ippjj 
= T{C)ip^OTT{D)ipjj. 


-{Dy,Dy) 


It is not hard to see that, for all n > 1 and all u ^ E, we have: 


E \‘^u \ Eri\ ‘^Un, 


(4.25) 
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where: 


n—1 

Un := '^{u,ek)ek. (4.26) 

k=0 

Since 

lim = (fu, (4.27) 

n^oo 

where this limit is computed in the L^-norm, for all 1 < p < cxo, formula fl4.9p follows easily. 
□ 


Corollary 4.2 Let T be a self-adjoint and diagonal operator on Ec commuting with the 
operator A, such that 0 < T < 21. 

Let C and D be two bounded, self-adjoint and diagonal operators on E^, of operatorial norm 
at most 1, commuting with A, such that: 



(/ - C^) (/ - = (T - ifC^D^. 

(4.28) 

Then, for all ip and V 

in Exp, we have: 

{T{C)poTnD)V){x) 



= f p{C*x + P*y)V{D*x + R*y)dp{y), 

JF.' 

(4.29) 

where 


P = sgn[{T - I)CD]Vl -C^ 

(4.30) 

and 


R = Vl - 

(4.31) 


where sgn is the right-continuous extension, to M, of the function x i—)■ x/\x\, defined on 
M \ {0}. Here sgn[(T — I)CD] is computed according to the Dunford functional calculus, 
which in this case, since T — I, C, and D are self-adjoint and diagonal operators, that are 
diagonalized in the same basis, means to simply apply the measurable function sgn to each 
eigenvalue of the operator (T — I)CD. 

Proof. In LemmaOtake Q = S := 0, P = sgn [{T - I)CD] VI-C^ and R = VI - DL 
□ 


Observation 4.3 Lemma j.l remains true if the condition that each of the operators C, 
D, and T commutes with A, is replaced by the fact that C, D, and T commute among 
themselves and are continuous (bounded) linear operators from £ to £. In particular, in the 
finite dimensional case (that means, if the dimension of E is a finite number d, in which 
case £ = E = £' = since the condition of being bounded is automatically satisfied, the 
only condition reguired is that C, D, and T commute among themselves. 


The above observation is important for people who are not interested in the infinite di¬ 
mensional case, and are content with the hnite dimensional one. In that case, the technicality 
of commuting with the operator A is removed. In fact, in that case there is no need to speak 
of such an operator A, since a Gaussian probability measure on a hnite dimensional space 
can be dehned without it. 
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5 Holder inequalities for norms of generalized Wick 
products 


We present now the main result of this paper. To prove our result we need the following 
theorem of Lieb (see [23] or [2l] (page 100)). 

Theorem 5.1 Fix k > 1, integers ni, ..., Uk and numbers pi, ..., Pfc > 1- Let M > 1 and 
let Bi (for i = l,...,k) be a linear mapping from to Let Z : —)• M’*' be some 

fixed Gaussian function, 

Z(x) = exp [—(x, Jx)] 

with J a real, positive semi-definite M x M matrix (possible zero). 

For functions fi in Lp*{ML*) consider the integral Iz and the number Cz: 

Iz{fi,...Jk) = [ Zix) 


Y[fiiBix)dx, (5.1) 


Cz := sup{Iz{fi,...,fk)\\\\fi\\\pi = lfori = l,...,k}, (5.2) 

where ||| • |||p. denotes Lp*(M"'*) norm with respect to the Lebesgue measure. Then Cz is 
determined by restricting the f’s to be Gaussian functions, i.e., 

Cz = sup{/z(/i, ...,fk) I |||/i|llpi = 1 and fi{x) = Ciexp[-{x, Jix)] 
with Ci > 0, and Ji a real, symmetric, positive — definite 
ni X rij matrix}. 

The proof of the next corollary, of the above theorem, can be found in mi- 

corollary 5.2 Let p, q, r > 1. Let Bi and B 2 be linear maps from to and J a 
real, positive-semidefinite 2x2 matrix (possible zero). For f in Lp(M^) and g in L'^{Mf), we 
consider the product: 

= /'/(Si(l,9))g(B2(a:,!/))e-«"'»>"'<"'»»d!/. (5.3) 

Jm 

We define: 

C := sup{|||/xs^,B2,Jf/|l|r I III/IIIp = |||c/|||g = 1}- (5-4) 

Then C is determined by restricting f and g to be Gaussian functions. 

We will also need the following computational lemma: 


Lemma 5.3 Let {aj}i<j<„ and {5j}i<j<n be two finite sequences of real numbers. Then, we 
have: 


1 




exp 


1 


-l^'^i.aiXFhi) 


dx 


1 


exp 


exp 


i=l 

2 Er=i 

1 Ei<i<j<n {aibj — ajhi) 
“2 ■ 


(5.5) 

(5.6) 
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Proof. We have: 



Making first the substitution x' = then completing the square in the expo¬ 

nential, we obtain: 




exp 


2=1 

exp[-(l/2)Er=i&?] 


- - 1 - 
1 ^ 


dx 


expl-(l/2)j:”.it?] 


exp 


O'ibj 


^/TJU 


aj 


dx' 




X 


^2^ 

1 


exp 


exp 


X 


1 1 (Er=i 
2 ELi«? 


Er=i 


dx' 




: exp 




E n 2 

*=i 


Formula fl5.6p follows now from Lagrange identity. 


□ 


Theorem 5.4 (Holder—Young inequality for generalized Gaussian Wick products) 

Let £ G E G S' be a Gel’fand triple given by a self-adjoint diagonal operator A on E, with 
increasing, greater than 1 eigenvalues, whose inverse is a Hilbert-Schmidt operator. Let pi 
be the Gaussian probability measure on S' whose existence is guaranteed by Minlos Theorem. 
Let T be a self-adjoint, diagonal operator on E, commuting with A, such that: 

0 < T < 2J, (5.7) 

where I denotes the identity operator of E. Let C and D be two self-adjoint, diagonal, and 
bounded operators on E, of operatorial norm less than or egual to 1, commuting with the 
operator A, such that: 

> {T-lfC‘^D\ (5.8) 

Let p, q, r > 1 such that: 


(r 


... , (p-iKq-iy-cwx^ 

’ - (q- 1)C2 +{p- 1)D2 + 2C^DV 


(5.9) 
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or equivalently: 


(r-l)/ + T 


> 


1 1 
+ 


P-1 I <?-l I ’ 

C2 ^ ^2 J 


( 6 . 10 ) 


with the convention that if x & Ker{C) := then the first fraction operator from the 

right-hand side of \5.10\) evaluated at x is zero, and a similar convention for x G Ker{D). 
Then for all g) in U’{£', p) and in p), T{C)g)OT T{D)f) belongs to U{8', p), and 

the following inequality holds: 


\\T{C)g:OTT{D)fi\l < 


(5.11) 


On the other hand, if: 


(r — 1)/ ^ 


{p - l){q - l)I - 

(g - 1)C2 + (p _ l)/}2 + 2C^D^T' 


then the bilinear operator {(p, fi) i—)■ V{C)ip OrpV{D)'fi is not bounded from Lp{£', p) x L‘^{£', 
p) to U{8', p). 

We present now the proof of Theorem 15.41 The proof will be snbdivided into many steps. 
The main idea of each step will be written in Italic. 


Proof. 

(=^) Let ns assnme hrst that: 


(r — 1)/ < 


{j)-l){q-l)I -C^D^T^ 

{q - 1)^2 + {p- 1 )T )2 + 2CW^T' 


Step 0. We may assume that T > 0, > 0, and D'^ > 0. 


Indeed, since T > 0 can be obtained from the case T' > 0, by gently passing to the limit on 
Ker{T) = r“^(0) as PKer{T)T' —)■ O’*", where PKepT) denotes the orthogonal projection of E 
on Ker{T), we may assnme that T > 0. Similarly, we may assnme that > 0 and > 0. 


Step 1. In the finite dimensional case, we can reduce the problem to the one-dimensional 
case via Minkowski integral inequality. 


Let d be a hxed hnite dimension and let pd be the standard Gaussian probability mea¬ 
sure on Let T be in (0, 21], and C and D be two non-zero commuting linear self-adjoint 
operators from to and p, q, r > 1, such that relations fl5.8p and fl5.9p hold. Let 
{Gi}i<i<d be an orthogonal basis of that diagonalizes all three operators T, C and D. If 
X = xiCi -f X 2 e 2 -l- • • • -l- XdCd E R'^, then we write x = (xi, X 2 , ■ ■ ■, Xd). 

Let (p and be two random variables in Exp (that means, ip and are linear combinations 
of exponential functions). From Lemma [4.11 we know that: 


(r(G)(porr(D)v^)(x) 

ip {C*x P*y + Q*z) {D*x -f R*y + S*z) dpd{z)dpd{y), 
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where P, Q, R, and S are linear self-adjoint operators on commnting with C and D, 
snch that: 


F2 + q2 _ 

R^ + S^ = I-D^, 


PR + QS = {T-I)CD. 

In fact, in this hnite-dimensional case the nse of the adjoint “ *” is not necessary, becanse 
C = C\ D = D\ S = S*. 

Let ns assnme that for a hxed triplet, (p, g, r), ineqnality flS.lip holds for two hnite dimen¬ 
sions d = m and d = n, and prove that it continnes to hold for d = m + n. Expanding 
the vectors x, p, and z along the orthonormal basis we can write x = {xm, Xn), 

y = (Vm, Vn), and 2 : = {zm, Zn), where {xm, 0) denotes the projection of x onto the vector 
space spanned by and (0, Xn) = x — {xm, 0). We also denote by Cm and Cn, the 

restriction of C to the spaces spanned by {ei}i<i<m and {ei}m+i<i<m+n, respectively. Using 
Minkowski integral ineqnality we have: 


T{C)ipoTT{D)i/j 


Jm+n 


Jm+n jTIJrn+n 


ip{Cx -1- Py -I- Qz)ip{Dx + Ry + Sz) 


dym+n(^^)dHm+n(jj')\ dflm+ni^X^^ 


< 


m I JMn 


3m ./rom ./ron ./TOn 


(^Prnyrn-) Pyiyri) P Qn^n)')\ 

\'^ (^i^Drn^rti') Dn^n) -^nZ/n) “ 1 “ 5 *n'^n)) | 


< 


m I J]t$m jmm 


^ri ./HJn 


1^^ CnXn) H“ (-fmZ/m? Pnyri) H“ Qn^n)^ \ 

Pn^n) “1“ (-^mZ/m .7 Pnyn) P 


< 


1/r 


9^ *) “1“ {Pmym-) ‘) “1“ *)) lip 

"0 *) P *) “1“ *)) ||g } 


m ./lUm /HJm 


dyrn (^m) } 

< II ^ IIpII 0 II 9 • 


Step 2. In dimension d = 1, we may assume that both inequalities LI. and LI. .91) are 
equalities. 
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Indeed, if d = 1, then T = tl, for some f G (0, 2], C = aJ and D = 131, for some a 
and /3 in [—1, 1] \ {0}. Inequality fIS.Sp becomes: 


{1 - a^) {1 - 13^) > a^l3^{t-iy. 

If inequality fl5.12p is strict, then since: 

[1 - {±lf] {1 - (3^) < {±lf/3\t-lf, 
there exists Oq having the same sign as a, with |q;o| G (|a|, 1], such that: 

(1 “ “o) (1 “ 1^3 = “ 1)’^- 


( 6 . 12 ) 


(5.13) 


Let us suppose that inequality flS.lip holds for the triplet (ag, (3, t) and all functions tp G 
L^{S', fi) and -0 G L^{£', p). Then since r((a/ao)-^) is a bounded operator from Lp{S', p) 
to L^{£', fi) of operatorial norm equal to 1, we have: 


\\T{aI)poTr{/3m\r = 


r(ao/)r 


(“/) 

V«0 / 


ipOTT{j3I)'ll! 


a 


ao 


I p 


< 

— iiv^iip Ilf iig- 

Also inequality fl5.9p . in dimension d = 1, becomes: 


r — 1 < 


{q — l)a^ + ip — 1)/^^ + 2a‘^/3H 


(5.14) 


If inequality fl5.14p is strict, then since for p and q hxed, lim.r^oo(’" — 1) = cx3, there exists 
To G (r, cx)), such that: 


{p-l){q-l)-a^l3H^ 

° (g — l)a‘^ + {p — l)/d^ + 2a^f3H 

Suppose inequality flb.lip holds for the triplet (p, g, ro) and all p G L^{£', p) and -0 G L'^{£', 
p). Then using Lyapunov inequality, we have: 

||r(a/)porr(0J)0|0 < \\TiaI)porTi(3mi^ 

< ll<dllp- llV'llg- 

Step 3. Change the problem of proving an inequality about the p, q, and r norms with 
respect to the standard Gaussian probability measure into a problem of proving an inequality 
about the p, q, and r norms with respect to the Lebesgue measure. 

We assume now that we are in dimension d = 1, C* = al, D = [31, T = tl, —1 < a < 1, 
a 7 ^ 0, —1 < /9 < 1, 0 7 ^ 0, f G (0, 2], and we have the following equalities: 

{l - a^) {l - (3'^) = a^(3^{t-lf (5.15) 
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and 


(g — 1 )q;2 + (p — l)/5^ + 2a‘^(3H 
Formula 05.161) is equivalent, via formula 05.15^ . to: 

2 1—a^ 1 -/ 3 ^ 

_ _ p _ q _ 

~ ^^(g-l)a2 +(p-l)/?2 + 2a2/32t- 


(5.16) 


(5.17) 


According to Corollary 14.21 for every (p and V’ that are linear combinations of exponential 
functions, we have: 


[T{aI)^OtT{^I)P]{x) (5.18) 

f (p (^x + sgn[(t — l)al3]\/l — p [jix + ^1 — e~^^^‘^dy. 


Let us define the numbers: 


and 


Then we have: 


and 


sgn[af3{t — l)]\/l — 0:2 

(5.19) 

5 := y/T^. 

(5.20) 

o^ + y^ = 1, 

(5.21) 

13^+ S^ = 1, 

(5.22) 

yh = 0/5(t — 1). 

(5.23) 


We observe that, for any 0 < m < oo, a measurable function f{x) belongs to L“(R, p) if and 
only if f{x)e~^ belongs to L“(M, djyx), where djyx denotes the normalized Lebesgue 
measure {l/\/^)dx on M. With this in mind, we are preparing now to cross the bridge from 
LP(R, /i) to L^(R, dNx), from L^(R, /i) to L^(R, d^x), and from L''(R, p) to L''(R, d^x). 
To do this, we multiply both sides of formula fl5.18p by e~^ and rewrite the expression 
inside the integral in the following way: 

{T{aI)ipOtT{/3I)i:){x)e-^"/^^^^ 

= [ ip{ax + 

Jr 

Xg(aa:+7y)2/(2p)g(/3a;+<5y)2/(2g)g-?;2/2g-a;2/(2r')^^^^ 

Let us define now the following functions: 

fix) := (p(a;) • (5.24) 
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and 


g{x) := ip{x) ■ e (5.25) 

In this way, our problem of proving that the bilinear operator, which is “hopefully” dehned 
as: 

5 : LP(M,/i) X L''(M,/i) ^ h”(M,/i), (5.26) 

(we said “hopefully” since we do not know whether it maps U’ x L'^ into L”), 

B{Lp,^jJ){x) := [ ip{ax + 'yy)'ijj{(3x + 5y)e~y^^‘^dNy, (5.27) 

Jr 

is a bounded operator of operatorial norm equal to 1, becomes the equivalent problem of 
showing that the bilinear operator, which is “hopefully” dehned as: 

B : L^(M, d^rx) x Ui^^d^x) L”(R, d^rx), (5.28) 


B{f,g){x) := / f{ax + 'yy)g{/3x + 6y) 

Jr 

l{2p) ^{gx+Sy)'^ l{2q) ^-y'^ l2^-x^ l{2r) ^ 

is a bounded operator of operatorial norm equal to 1. 

Let us dehne the kernel: 


(5.29) 


Jd{x,y) := e^^^+'^y^Bi 2 p)^iJx+Syf/{ 2 q)^-yy 2 ^-xyi 2 r)_ 

We can write Jd(x, y) as an exponential of a quadratic form of (x, y), in the following way: 


Ja{x,y) = e-(^/2)ax2+6xy-(l/2)cy2^ 


where: 

1 

a :=-, 

r p q 


(5.31) 


(5.32) 


and 


P Q 



We make the following observations: 

1. c> 0. 

Indeed, from formula fl5.17p . we can see that: 

c = — \{q — l)a‘^ + (p — 1)13'^ + 2a‘^(j‘^t] 
pq 

> 0 . 


(5.33) 


(5.34) 
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2 . 6 ^ = ac. 

Indeed, we have: 


1 f 1 — 1-/3^ 

ac = - 1 - 


r p q 


P 


q 


1 — 1 — /3" 


P q 

/ 3 ^ 0:^(1 —/ 3 ^) +/ 3^(1 — a ^) 

p q pq 

o o 


gZ. 

Substituting now r by the right-hand side of formula fl5.17p . we obtain: 


ac = 


a^{q-l)+/3\p-l) + 2a^^H 
pq — {1 — a^)q — (1 — /3^)p 
o? /3^ a^(l —/3^) +/3^(1 — a^) 

p q pq 

0:^(1 — a^) ^ /3^(1 — /3^) 


1 — 1-/3^ 


P 


pz qz 

a^{q-l)+P'^{p-l) + 2a^l3H 

pq 

^ —a^q — f5‘^p + a^(l — /3^) + /3^(1 — a^) 

pq 

rj o 


2a;/3 [al3{t — 1)] 

pq 

a^{l — a^) ^ / 3^(1 — / 3 ^) 


pz 


q- 


Since: 


we have: 


Thus we obtain: 


(l — a^) (l —/3^) = 0:^/3^(t — 1)^, 
a/3(t-l) = sgn(a/?(t - 1))a/( 1 - a^) (i _ 

= 7^. 


2a/3'y6 ^ 0:^(1 —a^) ^ — 

®c — T T 


pq 


pZ 


q^ 


2a(3'y6 0 ^ 7 ^ 

pq q^ 

a'y /3(5^ ^ 

p q 


= 
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3. a > 0. 

Since we already know that c > 0 and: 

ac = 

> 0 , 

we conclude that a > 0. 

The three conditions a > 0, 6^ = ac, and c > 0, imply that the quadratic form 
— (l/2)aa:^ + bxy — {l/2)cy^ is negative semi-dehnite. More precisely, if we dehne: 

m := ^ (5.35) 

and 

n := sgn{b)^/c, (5.36) 


then we have: 

— 2 ®^^ + ~ ~ --{mx — nyY. ( 5 . 37 ) 

For all M > 1, we will denote the L“-norm with respect to the standard Gaussian measure 
p on M by II • ||„, and the L“-norm with respect to the normalized Lebesgue measure d^x 
on M by III • |||„. 


Step 4. Apply Corollary 15.^1 of Lieb theorem to compute the operatorial norm of the 
bilinear operator B, by computing the supremum only over the set of exponential functions. 

We are working now in dimension d = 1. Since the function {x, y) i—)■ —{l/2){mx — nyY is 
non-positive, we may use Lieb theorem. That means: 


II IILP(R,djva^) X L5 

= sup{|||.B(/,^)|||^ I / e LP{R,dNx),g G L''(M, dArx), 11|/|||p = |||^|||g = 1} 
= sup{|||.B(/,^)|||^ I / = cie^p[-{kl2)x\g = csexp[-(//2)a:2]. 

Cl > 0,C2 > 0,fc > 0,/ > 0, lll/lllp = lll^lllg = 1}. 

If h{x) = A exp[—(s/2)a;^], with s > 0, then for all u > 1, we have: 


lll/^lll 


(let x' := y/usx) 



Thus, in order to have |||h|||„ = 1, we must have: 


|A| = (v^)^/“. 


(5.38) 
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Therefore, we have: 


II B \ \ i^px)x x)^L‘^x) 

= sup 

k>0,l>0 


X 


/(« • +^y)g{f3 • +<52/)e-(i/2)K-ny)=^^^ 


= pimp)^l/i2<i) |^l/(2p)^l/(2,) 

k>0,l>0 


X 


-^{ax+jyp -U/Sx+Syp -{l/2)(mx-nyf 


e 2^ ' g 2 


<^Ar2/ 


d]yX 


1/r 


We apply now formula fl5.6p from Lemma [5.31 and conclude that: 


g-1 (ax+'ry)^ g-1 (/3a:+<5?/)2 g- (l/2)(ma;-nj/)2 


(5.39) 


y/'^'^k + (5^/ + 77,2 


X exp 


1 (a5 —/37)^A;Z + (na + m 7 )^fc + (n/3 + m(5)^/ 

2 72 /c + 6‘^l + 


-a; 


Thus, we have: 


II II Lp {W,dj\qx)xL^(^,dj\qx)^L'^{M.,d]^x) 

= pmp)qim,) sup {A:V(2p)/i/(2h 
k>0,l>0 


X 


-1 {ax+'yyp - i (/3a;+<5y)2 -(l/2)(mx-n3/)" 




'j !/'■' 

r 


= pl/(2p)^l/(2,) g^p kl/(2p)^l/(2,) 1 

k>o,i>o y \/'^'^k + 

r (q:(5 — jd'^Ykl + (ua + m'yYk + (u/9 + m(5)^/ 
2 'j'^k + 5^/ + 77,2 

1 


X < / exp 


-a; 


pi/(2p)^i/(2g) r 


r 


l/(2r) 


X 


pl/(2p)gl/(2q) 


sup fc^/(2p);l/(2q)^_ 

fc>o,z>o I \/'j‘^k + ^ 2 / -)- 77,2 

_(72fc + ^2^ + n^)^/(^^)_ 

[(q ;5 — P'^ykl + (na + m'yYk + (n/9 + 

^l/(2p)^l/(2g) 


k>o,i>Q ['y'^k + 6‘^l + ^ + V^k + 


where r' is the Holder conjugate of r, that means: 


1 1 




7 = 


(5.40) 
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and 


u 

:= aS — ft'y, 

(5.41) 

V 

:= na + raj, 

(5.42) 

w 

:= n/3 + mS. 

(5.43) 


We can pnt the factors r and U‘^kl + V‘^k + W‘^1 together. Thus it remains to prove that: 

k>of>o (7% + 521 + n2l)^/(2r') + rV^i^ + 

= 1 . ( 5 . 44 ) 


We used some bold face letters to emphasize the idea for the next step. 


Step 5. Observe that the numerator of the left-hand side of ^5.44\ ) looks like a weighted 
geometric mean of {k, 1), while the two factors from the denominator of the left-hand side 
of Ii5.44\ ) look like weighted arithmetic means of (k, 1,1) and (kl, k, I), respectively. Since 
each arithmetic mean dominates each geometric mean, our supremum has great chances of 
being finite. This observation tells us that, to continue, we have to use the reason behind the 
arithmetic-geometric mean ineguality, which is the concavity of the logarithmic function. 


Let us make the following changes of variables: 

K := pk 

and 

L := ql. 

Thus, we have to prove that: 

KV(2p)l1/(25) 


x>gLo [(72/p)K + (57g)L + n2l]^/(2r-') 

1 


X 


[(rf/2/(pg))KL + (rl/2/p)K + (rW2/g)L]^/^^") 


= 1 . 


Claim 1: We have: 

Indeed, we have: 

7^ 52 

-1- 

p q 


2 

-^- = 1 . 

p q 


= 


[sgn(a;/5(f — 1))'\/W-'^ ^ {\/^ 


+ 

p q 

1 — 1 -/ 5 ^ / 1 — 1 -/ 5 ^ 

-+-^ +1 -^ 


+ c 


p 


q 


p 


q 


= 1. 


( 5 . 45 ) 

( 5 . 46 ) 


( 5 . 47 ) 


( 5 . 48 ) 
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Claim 2. We have: 


rll"^ rV"^ rW"^ 

-+-+- = 1 . 


pq p 


q 


Indeed, we have: 

rU^ rV"^ 


pq p 


q 


r{a6 — ^ r{na + 7717 )^ ^ r{n(3 + mSY 


= r 


= r 


= r 


= r 


= r 


pq 

{a5- 

pq 

{a5- 13-if 
pq 

{a6- 13'^y 
pq 


p 

+ n" I — + — 
p q 


q 

0/7^ /a7 135 

+ I-1 + 2mn ( —- H- 


,2 

p q 


\ p q 


+ c (-a ) + a(l — c) + 2\/^ sgn(6) ■ b 


+ c (-a ) + a(l — c 


^oa/I — — (3sgia{a(3(t — 1))\/1 — 


pq 


ac ■ \/ac 


c 

H-ho 

r 


o? (1 — /S^) + (1 — o?') — 2a/3sgn(a/3(t — 1 ))a/( 1 — a^) (1 — 


pq 


Using now the assumption that we have equality in condition fl5.12p . we get: 

sgn{a/3{t — 1))\/(1 — a^) (1 — /3‘^) = a/3{t — l). 

Thus, we obtain: 

rf/2 rU^ rlU^ 

-1-1- 

pq p q 

(1 — /5^) + (1 — a^) — 2a‘^f3‘^(t — 1) c 

-^-ha 

pq r 


= r 


— 2a^l3‘^t c 1 {3'^'' 

= r -^-^- 

pq r r p q 

= c + 1 —— \a‘^{q — 1) + (3‘^{p — 1) + 2a^f3‘^t\ . 
pq 


Since we know that: 


r = pq 


a^{q — 1 ) + — 1 ) + 2a^f3H' 


(5.49) 
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we obtain: 


rf/2 ri/2 rW^ 
-+-+- 


pq p 
= c + 1 — c 

= 1 . 


q 


Applying Jensen inequality to the concave function x i—)■ ln(x), we get: 


7 


7 


In — K H- L + n 1 > — In A' H-In L + n In 1. 


p q / P Q 

Exponentiating both sides of the last inequality, we obtain: 

2 r2 

—K + —L + nH > K^yPL^y<i. (5.50) 

p q 

Applying again Jensen inequality, we get: 

frU"^ pp2 \ JJ2 y2 pp2 

In + > -^ln(i^L) + -—Ini^ + ^lnL. 

\ pq p q J pq p q 

Exponentiating both sides of the last inequality, we obtain: 

+^-^K+^-^—L > (5.51) 

pq p q ~ 

Thus applying inequalities 05.50^ and fl5.5ip . for all K and L positive numbers, we have: 

7^1/(2p) _^l/{2g) 


[{jyp)K+{6yq)L + nnf^^^'^ 

1 
X 


< 


[{rUy{pq))KL + {r/p)V^K + {rWyq)L]^^^^''^ 

7^1/{2p) _^l/(2q) 

Xl^l{2pr')l&^/(2qr') . !(2pq)+V^!{2p) /(2pq)+W^/{2q) 

i/(2g) 


K 

l/{2p) 

L 

j^YIr'+U'^lq+V^ 


iS'^Ir'+U'^lp+W'^ 


If we can prove now the following claim, then we will be done: 
Claim 3: We have: 

7 ^ U'^ 2 

—+ —+ 1/2 = 1 


and similarly. 


q 


a 2 r/2 

^ + — + 1+2 = 1. 
r p 


(5.52) 


(5.53) 
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Indeed, we have: 


1- + - + 1/2 

r q 

72 {a5 - 2 

— + -h {na + m'^Y 

r q 

72 ^ 

r' q 

72 [a5 — /3'yY 


+ ca^ + 2 y/ac sgn(6)Q;7 + 07^ 


+ 


Q 


+ 1 


11 

P 


q 


a 




^ + f 1 + 


{a6 — I'fY 


q q 

We can replace now b by aj/p + (36/q, and obtain: 


a + 260:7 +-7 

\r p q J 

+ o^ - 2^^ + 2607. 


21 


P 


7 


2 6/2 
+ - 


+ w 


- ^ + - ] - 2 
= 7 ^ ■ 1 + o^ 

= (1 — o^) + o^ 

= 1 . 


a(3'y5 


+ 0^-2 


0^2 

p 


p q 


Thus, we have proved that for all K and L positive, we have: 

/^l/(2p) /^l/(2g) 

[(72/p)i^+(57g)L + C'2l]'/('''') 

1 

_ 

[{rU^/{pq))KL + {r/p)V^K + {rWyq)LY^^^''^ 

< 1. (5.54) 

On the other hand, for K = L = 1, we have equality in fl5.54p . 

Therefore, our supremum is equal to 1. 


Step 6. fTe extend the inequality to the infinite dimensional case. 

Let {en}n>o be an orthonormal basis of E made up of eigenfunctions of the operator A 
used in the construction of the Gel’fand triple S <Z E <Z £'. For all natural numbers n, let: 

En := M(-, Co) © IR(-, Cl) © • • • © M(-, 

where (•, e*) represents the L2-normally distributed random variable generated by e*, for all 
0 < i < n — 1. We dehne En '■= E{En), that means, En is the smallest sigma-algebra with 
respect to which (•, cq), (•, ei), ..., (•, e„_i) are measurable. 

For all ip G p) and n > 1, we dehne +„ := E[lp \ En\, the conditional expectation 

of + with respect to En- Since {-Fn}n>i is an increasing family of sigma-algebras, and the 
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sigma-algebra generated by them is the Borel sigma-algebra of from the Martingale 
Convergence Theorem we have: 


E[(p I En] -t 9^, 

as n —)■ cx), both almost surely and in Lp{£', /i), for all p > 1. 

Thus, the vector space: 

:= (5.55) 

is dense in U’{8', P, P). 

Due to our proof in the hnite dimensional case, we know that the bilinear operator B : 
L^iS’) X L}{S') U{£', /i), dehned by: 

= T{C)potT{D),P, (5.56) 

is bounded of operatorial norm 1 , and since L^f{£') x L'j{£') is dense in Lp{£', p) x L‘^{£', 
/i), it has a unique bounded bilinear extension from Lp{£', p) x L^{£', p) to L^{£', p). 

(«^) Let us assume now that the operator 

B : LP {£', p) X L^£', p) L^{£',p) 

dehned as: 


B{p,i:) = T{C)pOTT{D)i:, 

(5.57) 

is bounded. Then there is a constant k > 0, such that, for all p G 
p), we have: 

LP{£', p) and all ip G L‘^{£', 

1 r(C)(^ 07 -r(D)-^ ||r < k \\ (p llpll tjj 

II, . (5.58) 

Since C, D, and T are diagonalized in the same base, {ej}i>o 
exists Qij, Pi, and t* real numbers such that: 

as A, for each f > 0, there 

C Ci OiiCi, 

(5.59) 

Dei = PiGi, 

(5.60) 

Pei — ti^^i . 

(5.61) 

Let f > 0 be a hxed natural number. Let u and s be arbitrary real numbers, such that u ^ 0. 
Let ip and ip be the following exponential functions: 

• ^SUCi 

(5.62) 

and 


P ■— Puei- 

(5.63) 
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Then inequality flS.SSp becomes: 


^UaiPiSU^ 


^{sa.-\-l^)uei ||r 


< k\\LPs 




19 • 


(5.64) 


Since a simple computation shows that for every / G [1, cxo), and every exponential function 
with ^ & E, we have: 


inequality fl5.64p becomes: 


(p^ II, = bl?lo/2^ 


exp - l)(sai + A) V + UailSiU^ 


' 1 1 

< /cexp (-(p - +-(g - l)n^ 


(5.65) 


(5.66) 


Taking hrst In from both sides of the last inequality, and then dividing both sides by v?, we 
obtain: 

]^{r - l){sai + (3if + tiai(3i < + ^(p - l)s^ + ^(g - 1), (5.67) 

for all M 7 ^ 0 and s G M. Passing to the limit, as m —)■ cxo, in this inequality, we obtain: 

]^{r - l){sai + (3if + tiai(3i < ^(p - l)s^ + ^(g - 1), (5.68) 

for all real numbers s. Inequality fl5.68p is equivalent to: 

^ [p-l-a,2(r-l)]s^-(ti + r-l)aiAs + ^ [g-l-/3f(r-l)] > 0, 

for all real numbers s. For this quadratic function of variable s to be non-negative, for all 
real values of s, its leading coefficient (l/2)[p — 1 — af(r — 1)] must be non-negative and its 
discriminant must be non-positive, that means: 

(4l^HU + r-if-[p-l-alir-l)\[q-l--1)] < 0. 


The last inequality is equivalent to: 


r — 1 < 




- a?(g-l)+/9Kp-l) + 2a.m' 

Since this inequality holds for alH > 0, we conclude that: 

(p-l)(g-l)J-C'2D2T2 


(r — 1)J < 


(g - l)C‘^ + (p - 1 )T )2 + 2CW^T 


(5.69) 

(5.70) 
□ 


Let us dehne for any invertible self-adjoint operator B on Ec commuting with A, and any 
p G [1, oo], the following norm: 


1 P \\p,B ■— 1 

1 r(5)(p lip. 

(5.71) 

Let us also dehne the space: 

LP’^(£',p) := Weisr 

1 II T{B)p lip < CX)}. 

(6.72) 


With this notation, we have the following corollary. 
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Corollary 5.5 Let £ (Z E (Z £' be a GeVfand triple given by a self-adjoint diagonal operator 
A on E, with increasing, greater than 1 eigenvalues, whose inverse is a Hilbert-Schmidt 
operator. Let pi be the Gaussian probability measure on £' whose existence is guaranteed by 
Minlos Theorem. Let T be a self-adjoint, diagonal operator on E, commuting with A, such 
that: 


T > 0. (5.73) 


Let B, C, and D be three invertible self-adjoint and diagonal operators on E, commuting 
with the operator A, such that: 



IV 

(5.74) 


|C| > 1^1, 

(5.75) 


IV 

(5.76) 

and 

(^2 _ ^2) (^2 _ ^2) > (T-B^y. 

(5.77) 

Let p, q, r > 1 

such that: 



1 ^ 1 ^ 1 
(r-l)52 + T - (p-1)^2+ T ^ (g-1)^2+ T’ 

(5.78) 

Then for all (p 

in LPE(^gf fq) and in L‘>’^{£', pi), cp i> belongs to L‘^'^{£', pi). 

and the 


following inequality holds: 

WTOT'tpWr^B < W T \\v,c ■ \\ \\q,D ■ (5.79) 


On the other hand, if: 

(r-l)52 + T ^ (p-l)C'2 + T^ (g-l)D2 + T’ 

then the bilinear operator {ip, fj) ip Oq-is not bounded from ^) x L^'^{£', pi) to 

U>^{£', Pi). 

Proof. Simply apply Theorem 15.41 and Lemmato the following operators and random 
variables, with the convention that X —)■ X' means that X from theorem 15.41 is replaced by 
X' in the same theorem: 

• C ^ BC-^ 

• D ^ BD-^ 

• T ^ TB-^ 
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• (f ^ T{C)(p 

• %Ij ^ r(D)-^ 

Writing inequality fIS.lip for these new operators and random variables, and using the fact 
that: 


^ llp.|B| — II llp,B) 


(5.80) 


inequality fl5.79p follows. 


□ 


Corollary 5.6 If we choose B ■= I, C > I, := 1, and let either the eigenvalues of D go 


to oo, or choose the eigenvalues of D large enough such that ([5. 71\) is satisfied and let q go 
to oo, then condition ([5. yg| ) becomes: 


> 


1 

H-) 


(r-l)J + T - (p-l)C'2 + T cx) 


which is equivalent to: 


ic*! > 


r — 1 

p — 1 


(5.81) 


(5.82) 


and inequality |f5. 79\) becomes: 


II ||r < II r(C)9? lip . (5.83) 

Inequalities h5.8I\) and H5.83\) are exactly Nelson condition and hypercontractivity inequality. 
Corollary 5.7 If we choose B = I, then condition ( 5.74 ) becomes: 

0<T <21, (5.84) 

and conditions ( [5.75[ ) and ( [5.76] ) become: 

\C\ > I (5.85) 

and 

\D\ > I. 


In this case the inequality: 


> 


+ 


{r-l)I + T - (p-l)C2 + T (g-l)D2 + T’ 


(5.86) 


(5.87) 


and the “smoothness’’ conditions V{C)ip G L^{S', p) and T{D)ip G L^{S', p) guarantee the 
fact that if) Orp f) is a true random variable (not a merely generalized function) in the space 
U{£', p). 

We would like to make the following comments: 


Comments: 
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• Inequality fIS.lip in the case T := 0, (7 := al, D := jSI, = 1, and p = q = r := 2, 

was established using Cauchy-Schwarz inequality in [20] . 

• Inequality flh.lip in the case T := 0, (7 := al, D := j3I, a^+(3‘^ = 1, and {p = q = r ■= 1 
OT p = q = r := oo) was proven in [21]. 

• Inequality flS.llj) in the case T := 0, (7 := al, D := j3I^ = 1, and l/(r — 1) = 

/(p — 1) + /3^/(g — 1) was proven in [TT] . 


• In the case: B = C = D = T = I, the T-Wick product becomes the point-wise 
product, and condition fl5.78p becomes: 


1 

r 


1 1 

p q 


(5.88) 


which is exactly the classic Holder condition for probability measures. One should not 
forget, that for general measures. Holder condition is the equality: 


1 _ 1 1 

ro P q' 


(5.89) 


not an inequality, but if the measure is a probability measure, Lyapunov inequality: 
for all 0 < r < rg, we have: 


WfWr < ll/llr-o, (5.90) 

relaxes the Holder condition from a perfect equality to an inequality. 

• Methods of hnding the supremum over the exponential functions in Lieb theorem were 
provided in 0, 0, and [9] . In this paper we used a method based on Jensen inequality 
for the concave natural logarithmic function that was also applied in HU. 
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